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A WEAK KAWAMATA-VIEHWEG VANISHING THEOREM ON
COMPACT KÄHLER MANIFOLDS
THOMAS ECKL
1. Introdution
Using a subtle version of the Bohner tehnique, J.-P. Demailly and Th. Peternell
were able to prove one instane of the Kawamata-Viehweg Vanishing Theorem for
(even singular) Kähler manifolds:
Theorem 1.1 ([DP02, Thm. 0.1℄). Let X be a normal ompat Kähler spae of
dimension n and L a nef line bundle on X. Assume that L2 6= 0. Then
Hq(X,KX + L) = 0
for q ≥ n− 1.
The aim of this paper is to use the same methods to prove a weak version of
Kawamata-Viehweg Vanishing on ompat Kähler manifolds for all q > n − ν(L),
whih also works for pseudo-eetive line bundles. It is only a weak version, beause
we have to tensorizeKX+L with the upper regularized multiplier ideal sheaf
of a singular hermitian metri on L:
Denition 1.2. Let X be a ompat Kähler manifold of dimension n and L a
pseudo-eetive line bundle on X. Let hmin be a hermitian metri with minimal
singularities among all positive singular hermitian metris on L. Then the upper
regularized multiplier ideal sheaf J+(L) is dened as
J+(L) :=
⋃
ǫ→0
J (h1+ǫmin).
This multiplier ideal J+(L) is ertainly not optimal: there are examples of nef
line bundles where it is not trivial, see [DPS94, Ex.1.7℄. At least, it is onje-
tured (and true in dimension 1 and 2) that it equals the ordinary multiplier ideal
J (L) := J (hmin).
So the main result of this paper will be
Theorem 1.3. Let X be a ompat Kähler manifold of dimension n and L a
pseudo-eetive line bundle on X of numerial dimension ν = ν(L). Then
Hq(X,O(KX + L)⊗ J+(L)) = 0
for q ≥ n+ 1− ν(L).
It will be proven as a orollary of
1991 Mathematis Subjet Classiation. 32J25.
Key words and phrases. pseudo-eetive line bundles, upper regularized multiplier ideal, weak
Kawamata-Viehweg Vanishing.
1
2 THOMAS ECKL
Theorem 1.4. Let X be a ompat Kähler manifold of dimension n and L a
pseudo-eetive line bundle on X of numerial dimension ν = ν(L) with a positive
hermitian metri hmin with minimal singularities on L. For every ǫ
′ > 0 there
exists an 0 < ǫ < ǫ′ suh that the homomorphism
Hq(X,O(KX + L)⊗ J (h
1+ǫ′
min ))→ H
q(X,O(KX + L)⊗ J (h
1+ǫ
min))
indued by the inlusion J (h1+ǫ
′
min ) ⊂ J (h
1+ǫ
min) vanishes for q ≥ n+ 1− ν(L).
This theorem implies theorem 1.3, sine the asending hain of ideal sheaves
J (h1+ǫmin), ǫ → 0, gets stable at some point by the Noetherian property, hene
for ǫ′ small enough
J (h1+ǫ
′
min ) = J (h
1+ǫ
min) = J+(L).
But then the homomorphism between the ohomology groups beomes an isomor-
phism, and the involved vetor spaes must be 0.
The Bohner tehnique onsists of using the Bohner-Kodaira-Nakano inequality
to prove the vanishing of ertain ohomolgial lasses, see [Dem00, 4℄ for an ap-
pliation to lassial vanishing theorems. The main obstale to use this tehnique
in our ase is that the Bohner inequality is only true for smooth metris. This
was irumvented by Demailly in [Dem82℄ who observed that for a ompat Kähler
manifold X and Z ⊂ X an analyti subset, X\Z has a omplete Kähler metri. Us-
ing Hörmander's onrmation of the Bohner inequality for omplete metris (and
elements of ertain funtion spaes) in [Hör65℄ Demailly onstruted sequenes of
omplete metris onverging to the original Kähler metri and got vanishing results
by going to the limit. This limit proess is suessful despite of the metris hanging
all the time, sine there is a uniform bound for all the ouring norms, and beause
one an ompare the dierent metris.
So in our ase we start with a areful onstrution of singular hermitian metris
hǫ on L whih are smooth outside an analyti subset Zǫ (setion 2). They are
omposed of a (suiently small) part ontrolling the eigenvalues of the urvature
form (they are essential for the Bohner inequality) and another part ontrolling
the multiplier ideal sheaf (and hene the singularities) of the metri. The rst is
produed by applying the Calabi-Yau theorem as in Bouksom's thesis [Bou02℄, the
latter is onstruted with the equisingular approximation theorem of [DPS01℄.
Then we use the Bohner tehnique for omplete metris on X \ Zǫ onverging
to the starting Kähler metri ω and go to the limit, using the uniform estimate
in setion 5 and omparing the dierent metris following the results in setion 3
(whih more or less repeat the inequalities in [Dem82, 3℄).
Remark. Sine the tehnial details of the strategy desribed above are quite in-
triate and treated in a very summary way in [DP02℄, the author deided to give
all the steps in full details, for his own safety and for the onveniene of the not so
experiened reader  of ourse without laiming any originality. The expert may
skip setion 3 alltogether and skim over the funtional analyti details in setion 4.
2. The onstrution of the metris
As explained in the introdution, we onstrut metris hˆǫ for arbitrarily small ǫ
omposed of two parts, and the rst part is produed by using
Theorem 2.1 (Approximative Singular Calabi-Yau theorem). Let X be a ompat
Kähler manifold of dimension n with Kähler form ω suh that
∫
X ω
n = 1, and let
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α ∈ H1,1(X,R) be a big lass. Then for every ǫ > 0 there exists a losed positive
urrent Tǫ ∈ α with analyti singularities suh that
Tǫ(x)
n ≥ (1 − δǫ)v(α)ω(x)
n
almost everywhere, δǫ → 0 if ǫ tends to 0, and the multiplier ideal J (Tǫ) ontains
J (Tmin) for a positive urrent Tmin in α with minimal singularities.
Here, v(α) denotes the volume of the lass α, dened by Bouksom [Bou02, 3.1.6℄
as
v(α) := sup
T
∫
X
T nac,
where the T 's run through all losed positive urrents in α and Tac is the absolute
ontinuous part of the Lebesgue deomposition of T ([Bou02, 3.1.1℄). Sine α is
big, there is a losed positive urrent in α bigger than ǫω for some ǫ, and v(α) is
positive.
The proof of the theorem is ontained in Bouksom's onstrution of the urrent T
(with arbitrary singularities) solving the Monge-Ampère equation
Tac(x)
n = v(α)ω(x)n
almost everywhere ([Bou02, Thm. 3.1.23℄). His idea was of ourse to use the
ordinary form of the Calabi-Yau theorem (where α ontains a Kähler form and T
will be a form satisfying the Monge-Ampère equation everywhere). To be able to
do this, he proved a singular version of Fujita's theorem about the approximative
Zariski deomposition ([Bou02, Thm. 3.1.24℄):
Theorem 2.2 (Singular Fujita deomposition). Let α ∈ H1,1(X,R) be a big lass.
For all ǫ > 0 there exists a sequene of blow ups with smooth enters µ : X˜ → X
and a deomposition
µ∗α = β + {E},
where β is a Kähler lass and E is an eetive R−divisor suh that |v(α)−v(β)| < ǫ
and J (µ∗[Ek]) ⊃ J (Tmin).
Proof. The additional statement ompared to [Bou02, Thm. 3.1.24℄ is the inlusion
of the multiplier ideal sheaves. To get it, we must go through the proof of Bouksom:
It starts with a sequene of Kähler urrents Tk ∈ α suh that∫
X
T nk,ac → v(α).
These Tk may be hosen in suh a way that J (Tk) ⊃ J (Tmin) (see for example the
proof of Theorem 3.16 in [Ek03℄: The urrents replaing the original approximating
urrents have potentials whih are not less than the original ones).
Next, we resolve the singularities of Tk and nd a sequene of blow ups in smooth
enters, µk : X˜ → X , suh that the Siu deomposition ([Dem00, (2.18)℄)
µ∗Tk = [Ek] +Rk
onsists of the integration urrent of an eetive R-divisor Ek and a smooth positive
residue urrent Rk. Sine Tk is big, µ
∗Tk is also big [Bou02, Prop.1.2.5℄, hene there
is a δ > 0 suh that
µ∗Tk = Rk + [Ek] ≥ δω.
This inequality remains valid, when we subtrat an integration urrent of divisors,
hene Rk ≥ δω. But Rk is smooth, hene is a Kähler form. Furthermore, we
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have
∫
X
T nk,ac =
∫
X˜
Rnk . Finally, as Tk is a urrent with analyti singularities, its
potential may be loally written as
φk = θk + c · log(
∑
|fi|
2),
where θk is a C
∞
funtion, and an easy alulation shows that
µ∗φk = µ
∗θk + c · log(
∑
|f ′i |
2) + c · log |gk|
2,
where gk is a loal equation of Ek and
∑
|f ′i |
2
vanishes nowhere. Consequently,
J (µ∗[Ek]) = J (Tk), and
µ∗α = {Rk}+ {Ek}
is the desired deomposition, if we hoose k big enough. 
To prove the approximative singular Calabi-Yau theorem, let us take a modiation
µ : X˜ → X and a deomposition µ∗α = β + {E} belonging to ǫ as above. Let ω˜
be a Kähler form on X˜ , and set ω˜δ = µ
∗ω + δω˜. For all δ > 0, ω˜δ is a Kähler form
on X˜ , hene by the usual Calabi-Yau theorem, we an nd a Kähler form θǫ,δ ∈ β
suh that
θǫ,δ(x)
n =
v(β)∫
ω˜nδ
ω˜(x)n
for all x ∈ X˜. Now set Tǫ := µ∗(θǫ,δ + [Eǫ]) whih is a losed positive urrent with
analyti singularities in Eǫ. Furthermore, hoosing δ small enough and using the
properties of β and θǫ,δ, we see that
Tǫ(x)
n ≥ (1 − δǫ)v(α)ω(x)
n
almost everywhere, and δǫ → 0 if ǫ tends to 0. Sine the multiplier ideals only
depend on [Eǫ], the inlusion of multiplier ideals in the theorem remains true. 
The onstrution of the seond part of hˆǫ uses
Theorem 2.3 (Equisingular Approximation). Let T = α+ i∂∂φ be a losed (1, 1)-
urrent on a ompat hermitian manifold (X,ω), where α is a smooth losed (1, 1)-
form and φ a quasi-plurisubharmoni funtion. Let γ be a smooth real (1, 1)- form
suh that T ≥ γ. Then one an write φ = limν→+∞ φν where
(a) φν is smooth in the omplement X \ Zν of an analyti subset Zν ⊂ X;
(b) (φν) is a dereasing sequene, and Zν ⊂ Zν+1 for all ν;
() for every t > 0 ∫
X
(e−2tφ − e−2tφν )dVω
is nite for ν large enough and onverges to 0 as ν → +∞;
(d) J (tφv) = J (tφ) for ν large enough (equisingularity);
(e) Tν = α+ i∂∂φν satises Tν ≥ γ − ǫνω, where limν→+∞ ǫν = 0.
Proof. See [DPS01℄ or [Dem00, (15.2.1)℄ and espeially the remark after the proof.

Now, let X be a ompat n-dimensional Kähler manifold with Kähler form ω and
let L be a holomorphi line bundle having a hermitian metri h∞ with a urvature
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form Θh∞(L) of arbitrary sign. Let Tǫ be a losed urrent with analyti singularities
in c1(L)[−ǫω] suh that
(Tǫ + ǫω)
n ≥
v(c1(L) + ǫω)
2
ωn,
as in the approximative singular Calabi-Yau theorem above. There exists a hermit-
ian metri hǫ = h∞e
−2φǫ
on L, suh that
Θhǫ(L) = Tǫ
([Bon95℄,[Ek03, Lem.4.1℄). Next, we observe that
v(c1(L) + ǫω) ≥ ǫ
n−l · (c1(L)
l.ωn−l)≥0
for all 0 ≤ l ≤ n ([Bou02, p.86℄), hene there is a onstant C > 0 suh that
v(c1(L) + ǫω) ≥ Cǫ
n−ν(L).
Let h = h∞e
−2ψ
be a metri with Θh(L) ≥ 0, and let ψǫ ↓ ψ be an equisingular
regularization of ψ, suh that
h˜ǫ := h∞e
−2ψǫ
satises Θh˜ǫ ≥ −ǫω in the sense of urrents. The metris onsidered in the follwing
are given by
ĥ1+sǫ = h∞ exp(−2(δ(1 + s)φǫ + (1− δ)(1 + s)ψǫ))
where δ > 0 is a suiently small number whih will be xed later. Note that ĥ1+sǫ
is really a metri on L, sine h∞ remains unhanged.
ĥ1+sǫ is smooth outside an analyti subset Zǫ ⊂ X . Its multiplier ideal is ontrolled
by subadditivity ([Dem00, (14.2)℄):
J (ĥ1+sǫ ) ⊂ J (h
δ(1+s)
ǫ ) · J (h˜
(1−δ)(1+s)
ǫ ) ⊂ J (h˜
(1−δ)(1+s)
ǫ ) = J (h
(1−δ)(1+s))
beause of the equisingularity. Loally, the Hölder inequality shows that∫
|f |2e−2[δ(1+s)φǫ+(1−δ)(1+s)ψǫ]dVω ≤
(
∫
|f |2e−2(1+s)φǫdVω)
δ ·
∫
|f |2e−2(1+s)ψǫdVω)
1−δ,
hene
J (h1+sǫ ) ∩ J (h
1+s) = J (h1+s) ⊂ J (ĥ1+sǫ ),
where the rst equality omes from the properties of hǫ.
Finally, we hek how the eigenvalues of the urvature form are ontrolled: By
onstrution,
Θĥǫ + 2ǫω = δ(Θhǫ(L) + ǫω) + (1− δ)(Θh˜ǫ(L) + ǫω) + ǫω
≥ δ(Θhǫ(L) + ǫω) + ǫω.
At eah point x ∈ X \ Zǫ, we may hoose oordinate systems (zj)1≤j≤n resp.
(wj)1≤j≤n whih diagonalize simultaneously the hermitian forms ω(x) and Tǫ + ǫω
resp. Θĥǫ + 2ǫω, in suh a way that
ω(x) = i
∑
1≤j≤n
dzj ∧ dzj , (Tǫ + ǫω)(x) = i
∑
1≤j≤n
λ
(ǫ)
j dzj ∧ dzj
resp.
ω(x) = i
∑
1≤j≤n
dwj ∧ dwj , (Θĥǫ + 2ǫω)(x) = i
∑
1≤j≤n
λ̂
(ǫ)
j dwj ∧ dwj .
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Let λ
(ǫ)
1 ≤ . . . ≤ λ
(ǫ)
n and λ̂
(ǫ)
1 ≤ . . . ≤ λ̂
(ǫ)
n . Changing from zj to wj by a unitary
transformation, the λ
(ǫ)
j 's remain the same, and the inequality between the urrents
from above implies
λ̂
(ǫ)
j ≥ δλ
(ǫ)
j + ǫ,
by Weyl's monotoniity priniple [Bha01, p.291℄. On the other hand, the Monge-
Ampère inequality satised by Tǫ tells us that
λ
(ǫ)
1 · · ·λ
(ǫ)
n ≥ C · ǫ
n−ν(L)
almost everywhere on X .
3. Comparisons of the metris
Let Zǫ be the analyti subset suh that ĥǫ is smooth on X \ Zǫ. By [Dem82,
Prop.1.6℄, for every ǫ > 0 there is a sequene of omplete Kähler metris (ωǫ,t) on
X \ Zǫ onverging from above against ωǫ = ω.
Let Dn,qc,ǫ be the spae of all (n, q)- forms with values in L and oeients in
J (hˆ1+sǫ ) ⊗ C
∞
and ompat support in X \ Zǫ. Let L
n,q
ǫ,t be the L
2
- ompletion
of Dn,qc,ǫ with respet to the norm
‖u‖2ǫ,t:=
∫
X\Zǫ
|u|2∧n,q ωǫ,t⊗hˆ1+sǫ dVωǫ,t ,
inluding the ase t = 0, where
∧n,q
ωǫ,t⊗ hˆ
1+s
ǫ denotes the metri on (n, q)- forms
with values in L and oeients in J (hˆ1+sǫ ) ⊗ C
∞
naturally indued by ωǫ,t and
hˆ1+sǫ . The volume form dVωǫ,t equals
ωnǫ,t
n! .
The operator ∂ denes a linear, losed, densely dened operator
∂ǫ,t : L
n,q
ǫ,t → L
n,q+1
ǫ,t .
An element u ∈ Ln,qǫ,t is in the domain D∂ǫ,t if ∂(u), dened in the sense of dis-
tribution theory, belongs to Ln,q+1ǫ,t . That ∂ǫ,t is losed follows from the fat that
dierentiation is a ontinuous operation in distribution theory, and the domain is
dense sine it ontains Dn,qc,ǫ .
Sine ∂ǫ,t is densely dened, there is an adjoint operator ∂
∗
ǫ,t, and beause ∂ǫ,t is
losed,
(∂
∗
ǫ,t)
∗ = ∂ǫ,t)
∗.
(f. [SN67, p.29℄). Let D∂∗ǫ,t
denote the domain of the operator ∂ǫ,t in L
n,q
ǫ,t .
Let Λ be the adjoint of the operator L whih multipliates with ω, that is
Lα = ω ∧ α, 〈Λα|β〉ǫ,t = 〈α| ω ∧ β〉ǫ,t
for all forms α, β ∈ Ln,qǫ,t . (The salar produt above is taken in every point
z ∈ X \ Zǫ.)
If θ is a real (1, 1)- form we dene for all q = 1, . . . , n a sesquilinear form θq on the
bers of Ωn,qX\Zǫ ⊗ L by setting in every point z ∈ X \ Zǫ
θq(α, β) = 〈θΛα|β〉ǫ,t
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for all α, β ∈ Ωn,qX\Zǫ,z ⊗Lz. If θ = Θǫ,t is the urvature form of the metri hˆ
1+s
ǫ on
L, the term 〈θΛα|β〉ǫ,t ours in the Bohner-Kodaira inequality:
‖∂ǫ,tu‖
2
ǫ,t + ‖∂
∗
ǫ,tu‖
2
ǫ,t≥
∫
X
〈Θǫ,tΛu|u〉ǫ,tdVωǫ,t .
On Dn,qc,ǫ , this inequality is valid by the usual omputations ([Dem00, (4.7)℄). Hör-
mander ([Hör65, Lem. 5.2.1℄) showed that for the omplete metri ωǫ,t (t > 0) the
forms in Dn,qc,ǫ are dense in D∂ǫ,t ∩D∂
∗
ǫ,t
w.r.t. the graph norm
u 7→‖u‖2ǫ,t + ‖∂ǫ,tu‖
2
ǫ,t + ‖∂
∗
ǫ,tu‖
2
ǫ,t .
Hene we have the Bohner inequality for all u ∈ D∂ǫ,t ∩D∂
∗
ǫ,t
.
To really apply the Bohner tehnique we still need some omparative inequalities
between the dierent metris ωǫ,t:
Lemma 3.1. ‖u‖ǫ,t′≤‖u‖ǫ,t for all u ∈ L
n,q
ǫ,t and all 0 ≤ t ≤ t
′
.
Proof. This is just Lemma 3.3 in [Dem82℄. 
Consequently, we have a linear ontinuous operator fq : L
n,q
ǫ,t → L
n,q
ǫ,t′ with norm
‖fq ‖≤ 1.
Lemma 3.2. The diagram
Ln,qǫ,t
#
fq
∂ǫ,t
Ln,qǫ,t′
∂ǫ,t′
Ln,q+1ǫ,t fq+1
Ln,q+1ǫ,t′
is ommutative.
Proof. Let vǫ,t be any element of L
n,q
ǫ,t suh that ∂ǫ,t is dened. Sine D
n,q
c,ǫ is dense
in D∂ǫ,t there is a sequene of smooth forms (v
(n)
ǫ,t )n∈N in D
n,q
c,ǫ suh that
v
(n)
ǫ,t → vǫ,t, ∂v
(n)
ǫ,t → ∂ǫ,tvǫ,t
strongly in the (ǫ, t)-norm. Now, the derivation of smooth forms in Dn,qc,ǫ w.r.t. ∂ǫ,t
and ∂ǫ,t′ do not dier. So the two limits above exist and are the same for the (ǫ, t
′)-
norm beause of lemma 3.1. 
Again, let θ be any real (1, 1)- form. If α ∈ Ln,qǫ,t we dene |α|θ in every point
z ∈ X \ Zǫ as the smallest number ≥ 0 (perhaps innte) suh that
|〈α|β〉ǫ,t|
2 ≤ |α|2θ〈θΛα|β〉ǫ,t
for all β ∈ Ln,qǫ,t .
Lemma 3.3. The (n, n)- form |α|2θdVωǫ,t dereases if t inreases.
Proof. This is just Lemma 3.2 in [Dem82℄. 
Lemma 3.4. For all β ∈ Ln,qǫ,t , we have∫
X
|β|2θdVωǫ,t ≤
∫
X
1
λ1 + . . .+ λq
|β|2ωǫ,tdVωǫ,t ,
where λ1, . . . , λq are the q smallest eigenvalues of θ with respet to ωǫ,t.
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Proof. There is an orthonormal base dz1, . . . , dzn of Ω
n,q
X\Zǫ,z
suh that we an write
ωǫ,t =
i
2
n∑
j=1
dzj ∧ dzj ,
θ =
i
2
n∑
j=1
λjdzj ∧ dzj , λj ∈ R.
β ∈ Ln,qǫ,t may be written as
β =
∑
|J|=q
βJdz1 ∧ . . . ∧ dzn ∧ dzJ ⊗ e,
where e is any setion in L whih makes the dz1 ∧ . . . ∧ dzn ∧ dzJ ⊗ e orthonormal
in Ln,qǫ,t . We verify
Λβ = 2
∑
|J|=q−1
∑
1≤j≤n
(−1)n−jβjJdz1 ∧ . . . ∧ d̂zj ∧ . . . ∧ dzn ∧ dzJ ⊗ e
(d̂zj meaning that we omit dzj), and
θq(β, β) = 〈θΛβ|β〉ǫ,t = 2
n+q
∑
|J|=q−1
∑
1≤j≤n
λjβjJβjJ = 2
n+q
∑
|J|=q
(
∑
j∈J
λj)|βJ |
2.
Now,
|β|2θ = supu
|〈β| u〉ǫ,t|
2
〈θΛu| u〉ǫ,t
≤ supu
|β|2ǫ,t·|u|
2
ǫ,t
〈θΛu| u〉ǫ,t
= |β|2ǫ,t · supu
|u|2ǫ,t
〈θΛu| u〉ǫ,t
=
= |β|2ǫ,t · supu
∑
|J|=q |uJ |
2∑
|J|=q(
∑
j∈J λj)|uJ |
2 ≤ |β|
2
ǫ,t
1
λ1+...+λq
,
where u =
∑
|J|=q uJdz1 ∧ . . . ∧ dzn ∧ dzJ ⊗ e as above. The lemma follows. 
4. The Bohner tehnique
Let Kn,qǫ,t be the L
2
- ompletion of Dn,qc,ǫ w.r.t. the metri
‖u‖2Kn,qǫ,t :=
∫
X\Zǫ
(|u|2∧n,q ωǫ,t⊗hˆ1+sǫ + |∂u|2∧n,q ωǫ,t⊗hˆ1+sǫ )dVωǫ,t ,
in the spae of all forms with L2loc oeients, and let K
n,q
ǫ,t be the orresponding
sheaf of germs of loally L2 setions on X (the loal L2 ondition should hold on
X and not only on X \ Zǫ).
Lemma 4.1. For all ǫ > 0, the L2 Dolbeault omplex (Kn,qǫ,0 , ∂ǫ,0) is a ne resolution
of the sheaf KX ⊗ L⊗ J (hˆ
1+s
ǫ ).
Proof. X \Zǫ an be overed by open subsets U ⊂ X whih are Stein, lie relatively
ompat in another Stein open subset U ′ ⊂ X , and on whih L is trivial. On these
U 's we an show the ∂- Poinaré lemma.
First, as Stein sets, U ⊂⊂ U ′ may be embedded as analyti subsets into some
CN . Hene we an nd a smooth plurisubharmoni funtion ψ on U ′ suh that
i∂∂ψ ≥ 2λω for some onstant λ > 0 on U (ωǫ,0 = ω is smooth on U). Furthermore,
|ψ| is bounded on U by some onstant M > 0. Subtrating M we still have a
plurisubharmoni funtion, whih we also all ψ, satisfying
−2M ≤ ψ ≤ 0 and i∂∂ψ ≥ 2λω.
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This implies that the metris ĥ1+sǫ and ĥ
1+s
ǫ e
−2ψ
are omparable on U , and
Θĥ1+sǫ e−2ψ ≥ λω, for λ suiently big.
Sine ĥ1+sǫ and ĥ
1+s
ǫ e
−2ψ
are omparable, we an interhange them in the metri for
Kn,qǫ,0 (U). So, given g ∈ K
n,q
ǫ,0 (U) with ∂ǫ,0(g) = 0, we know that
∫
X |g|
2
ǫ,0dVω <∞,
hene also
∫
X
|g|2ǫ,ψdVω <∞ with the new metri, and∫
X
|g|2Θ
ĥ
1+s
ǫ e
−2ψ
dVω ≤
∫
X
1
qλ
|g|2ǫ,ψdVω <∞.
Therefore, we an apply theorem 4.1 of [Dem82℄: There exists a (n, q − 1)- form f
with L2loc oeients in U suh that
∂ǫ,0(f) = g
and ∫
X
|f |2ǫ,0dVω ≤
∫
X
|f |2ǫ,ψdVω ≤
∫
X
1
qλ
|g|2ǫ,ψdVω ≤ e
2M
∫
X
|g|2ǫ,0dVω .
Finally, the L2 ondition fores setions holomorphi on X \ Zǫ to extend holo-
morphially aross Zǫ ([Dem82, Lem.6.9℄). The L
2
ondition implies that the o-
eients lie in J (hˆ1+sǫ ). Consequently, the omplex is a resolution, and it is ne
beause of the existene of partition of unities. 
Now, let us take a ohomology lass {β} ∈ Hq(X,O(KX + L)⊗J (h
1+s′
min )). If U is
a overing of X with Stein open subsets Uα, the lass {β} may be represented by
a eh oyle
(βα0···αq )α0···αq ∈ C
q(U ,O(KX + L)⊗ J (h
1+s′
min )) ⊂ C
q(U ,O(KX + L)⊗ J (hˆ
1+s
ǫ )).
Let (ψα) be a C
∞
partition of unity subordinate to U . Taking the usual De Rham-
Weil isomorphisms between eh and Dolbeault ohomology, we obtain a losed
(n, q)- form in Kn,qǫ,0 of the form
β =
∑
α0,...,αq
βα0···αq∂ψα0 ∧ . . . ∧ ∂ψαq .
In partiular, this form has oeients in J (hˆ1+sǫ )⊗C
∞
. We want to show that β is
a boundary in Kn,qǫ,0 for some ǫ > 0, hene {β} = 0 ∈ H
q(X,O(KX+L)⊗J (hˆ
1+s
ǫ )).
This implies theorem 1.4 beause of the inlusion J (hˆ1+sǫ ) ⊂ J (h
(1−δ)(1+s)
min ).
The reasoning starts as follows: β is also an element of Kn,qǫ,t for any t ≥ 0, beause
of lemma 3.1. Every L2 form u ∈ D∂∗ǫ,t
⊂ Kn,qǫ,t may be written as u = u1+u2 with
u1 ∈ ker ∂ǫ,t and u1 ∈ (ker ∂ǫ,t)
⊥ = im ∂
∗
ǫ,t ⊂ ker ∂
∗
ǫ,t,
sine ∂ǫ,t is a losed operator, hene ker ∂ǫ,t is losed. Using β ∈ ker ∂ and the two
inequalities in lemma 3.3 and 3.4, we get (Θǫ,t denotes the urvature form of hˆ
1+s
ǫ
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on X \ Zǫ, plus 2ǫωǫ,t)
| ≪ β, u≫ǫ,t |
2 = | ≪ β, u1 ≫ǫ,t |
2 = |
∫
X\Zǫ
〈β, u1〉ǫ,tdVωǫ,t |
2 ≤
≤ (
∫
X\Zǫ
|〈β, u1〉ǫ,t|dVωǫ,t)
2 ≤
≤ (
∫
X\Zǫ
βΘǫ,t ·
√
〈Θǫ,tΛu1|u1〉ǫ,tdVωǫ,t)
2 ≤
≤
∫
X\Zǫ
β2Θǫ,tdVωǫ,t ·
∫
X\Zǫ
〈Θǫ,tΛu1|u1〉ǫ,tdVωǫ,t ≤
≤
∫
X\Zǫ
β2Θǫ,0dVωǫ,0 ·
∫
X\Zǫ
〈Θǫ,tΛu1|u1〉ǫ,tdVωǫ,t ≤
≤
∫
X\Zǫ
1
λˆ
(ǫ,0)
1 +···+λˆ
(ǫ,0)
q
|β|2ǫ,0dVωǫ,0 ·
∫
X\Zǫ
〈Θǫ,tΛu1|u1〉ǫ,tdVωǫ,t .
u1 is an element of D∂ǫ,t ∩D∂
∗
ǫ,t
, sine u1 ∈ ker ∂ǫ,t, u2 ∈ ker ∂
∗
ǫ,t and u1 = u− u2.
Consequently, we an apply the Bohner inequality on u1. As ∂u1 = 0 we get that
the seond integral on the right hand side is bounded above by
‖∂
∗
ǫ,tu1 ‖
2
ǫ,t + 2qǫ‖u1 ‖
2
ǫ,t ≤ ‖∂
∗
ǫ,tu‖
2
ǫ,t + 2qǫ‖u‖
2
ǫ,t,
and nally
|〈β, u〉ǫ,t|
2 ≤
∫
X
1
λˆ
(ǫ,t)
1 + · · ·+ λˆ
(ǫ,t)
q
|β|2ǫ,tdVωǫ,t(‖∂
∗
ǫ,tu‖
2
ǫ,t + 2qǫ‖u‖
2
ǫ,t),
where the term 2qǫ ‖ u ‖2ǫ,t) omes in beause Θǫ,t diers from the urvature form
of hˆ1+sǫ by 2ǫωǫ,t.
Using the uniform bound Cǫ =
∫
X
1
λˆ
(ǫ,0)
1 +···+λˆ
(ǫ,0)
q
|β|2ǫ,0dVωǫ,0 we apply the Hahn-
Banah theorem as in [Dem82℄: ≪β, u ≫ǫ,t denes a linear form on the range of
the densely dened operator
T : Ln,qǫ,t → L
n,q−1
ǫ,t ⊕ L
n,q
ǫ,t , u 7→ ∂
∗
ǫ,tu+ 2qǫu
(with domainDT = D∂∗ǫ,t
). Hene there exists an fǫ,t = vǫ,t⊕
1
2qǫwǫ,t ∈ L
n,q−1
ǫ,t ⊕L
n,q
ǫ,t
suh that
≪ β, u≫ǫ,t=≪ fǫ,t, ∂
∗
ǫ,tu+ 2qǫu≫ǫ,t .
Consequently, β = T ∗fǫ,t = ∂ǫ,tvǫ,t + wǫ,t with
‖vǫ,t ‖
2
ǫ,t +
1
2qǫ
‖wǫ,t ‖
2
ǫ,t≤ Cǫ.
Furthermore, ∂ǫ,twǫ,t = ∂β = 0, and vǫ,t, wǫ,t are both ontained in K
n,q
ǫ,t .
The estimates of setion 3 tell us that the metris of the vǫ,t and wǫ,t in the
L2 spae Ln,q−1ǫ,t0 resp. L
n,q
ǫ,t0 are uniformly bounded for all t0 ≥ t > 0. Sine
‖β ‖ǫ,t0≥ | ‖∂ǫ,tvǫ,t ‖ǫ,t0 − ‖wǫ,t ‖ǫ,t0 |, the same is true for ∂ǫ,tvǫ,t. Consequently,
the sequenes of these elements onverge weakly as t→ 0, and we have three limits
in the respetive spaes:
vǫ,t ⇀ vǫ ∈ L
n,q−1
ǫ,t0 , ∂ǫ,tvǫ,t ⇀ v
′
ǫ ∈ L
n,q
ǫ,t0, wǫ,t ⇀ wǫ ∈ L
n,q
ǫ,t0 .
Note that these weak limits are the same for every hoie of t0 > 0: The spaes L
n,q
ǫ,t0
all ontain the dense subset Dn,qc,ǫ , hene weak onvergene is transmitted through
the ontinuous maps between them.
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Claim: ∂ǫ,t0vǫ = v
′
ǫ.
Proof. On the one hand, we have
≪ ∂ǫ,tvǫ,t, u≫ǫ,t0→≪ v
′
ǫ, u≫ǫ,t0
for all u ∈ D∂∗ǫ,t0
beause of the weak onvergene. On the other hand, the om-
mutativity of the diagram in lemma 3.2 and again the weak onvergene show that
≪ ∂ǫ,tvǫ,t, u≫ǫ,t0=≪ ∂ǫ,t0vǫ,t, u≫ǫ,t0=≪ vǫ,t, ∂
∗
ǫ,t0u≫ǫ,t0→
≪ vǫ, ∂
∗
ǫ,t0u≫ǫ,t0=≪ ∂ǫ,t0vǫ, u≫ǫ,t0 .
Sine D∂∗ǫ,t0
is dense in Ln,qǫ,t0 the laim follows. 
By standard properties of weak onvergene,
‖vǫ ‖ǫ,t0≤ lim inf
t→0
‖vǫ,t ‖ǫ,t0 ,
and similarly for ‖ ∂ǫ,t0vǫ ‖ǫ,t0 and ‖wǫ ‖ǫ,t0 . Consequently, these three norms are
uniformly bounded by Cǫ for t0 > 0.
Now, we restrit the integral dening the (ǫ, t0)- norm to ompat subsets
K ⊂ X \ Zǫ. Of ourse, we get ‖ vǫ ‖ǫ,t0,K≤‖ vǫ ‖ǫ,t0 , hene the new (ǫ, t0,K)-
norms of vǫ are still uniformly bounded by Cǫ in t0 > 0. Furthermore, as ωt ↓ ω,
we see that ‖vǫ ‖ǫ,t0,K→‖vǫ ‖ǫ,0,K, and monotone onvergene tells us that ‖vǫ ‖ǫ,0
exists and is ≤ Cǫ. The same is true for ‖∂ǫ,0vǫ ‖ǫ,0 and ‖wǫ ‖ǫ,0.
As β = ∂ǫ,tvǫ,t + wǫ,t for all t, β = ∂ǫ,0vǫ + wǫ remains true. Furthermore,
∂ǫ,0wǫ,t = ∂ǫ,twǫ,t = 0. Hene, vǫ and wǫ belong to K
n,q−1
ǫ,0 resp. K
n,q
ǫ,0 .
For the last step we note that the almost plurisubharmoni weights ψǫ dening h˜ǫ
form a dereasing sequene, and onsequently,
‖u‖ǫ,0≤‖u‖ǫ′,0 ∀u ∈ K
n,q
ǫ′,0,
if ǫ′ < ǫ. This implies ‖wǫ ‖ǫ0,0≤‖wǫ ‖ǫ,0 for some xed ǫ0 > 0 and ǫ < ǫ0. Sine
‖wǫ ‖ǫ,0≤ Cǫ = 2qǫ · Cǫ,
we onlude with the estimates in setion 5 that ‖ wǫ ‖ǫ0,0→ 0 for ǫ → 0. But
the norm of wǫ measures the distane of β from the losure of the subspae of
boundaries in Kn,qǫ0,0. So it only remains to show
Lemma 4.2. The subspae Bn,qǫ0,0 ⊂ K
n,q
ǫ0,0
of boundaries in the Dolbeault omplex
(Kn,qǫ0,0, ∂) is losed.
Proof. Let Zn,qǫ0,0 ⊂ K
n,q
ǫ0,0
be the spae of oyles with respet to ∂, and let
Zn,qǫ0,0 ⊂ K
n,q
ǫ0,0
be the orresponding sheaf. Let U be a overing of X with Stein
open subsets as in the proof of exatness of the Dolbeault omplex in lemma 4.1.
By the usual DeRham-Weil isomorphism,
Hq(Kn,•ǫ0,0) =
Zn,qǫ0,0
∂Kn,q−1ǫ0,0
=
Z0(U ,Zn,qǫ0,0)
∂Z0(U ,Kn,q−1ǫ0,0 )
.
So we have to prove that ∂Z0(U ,Kn,qǫ0,0) is losed in Z
0(U ,Zn,qǫ0,0) with respet to the
L2 norms on every set U in U .
Note rst that
∂ : C0(U ,Kn,q−1ǫ0,0 )→ C
0(U ,Zn,qǫ0,0)
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is ontinuous, by denition of the norms, and surjetive, by exatness. Hene ∂ is
an open map, by Banah's open mapping theorem. Its kernel is C0(U ,Zn,q−1ǫ0,0 ).
Next, C0(U ,Zn,q−1ǫ0,0 ) and Z
0(U ,Kn,q−1ǫ0,0 ) are losed in C
0(U ,Kn,q−1ǫ0,0 ), sine ∂ is a
losed operator, and equality is onserved when going to the limit. Consequently,
the sum of these two spaes is losed, too, and its omplement is open. But then
∂(Z0(U ,Kn,q−1ǫ0,0 ) + C
0(U ,Zn,q−1ǫ0,0 )) = ∂(Z
0(U ,Kn,q−1ǫ0,0 ))
is losed in C0(U ,Zn,qǫ0,0) and also in Z
0(U ,Zn,qǫ0,0). 
5. The uniform estimate
The aim of this setion is to prove
Lemma 5.1. Let 0 < s < s′. For every smooth (n, q)- form β with values in L and
oeients in J (h1+s
′
min )⊗ C
∞
,∫
X
qǫ
λˆ
(ǫ,0)
1 + · · ·+ λˆ
(ǫ,0)
q
|β|2ǫ,0dVωǫ,0 ,
tends to 0 for ǫ→ 0.
Before starting with the proof, set λˆj := λˆ
(ǫ,0)
j and λj := λ
(ǫ,0)
j .
Now, by onstrution we know that λˆj ≥ δλj + ǫ, and
λqqλq+1 . . . λn ≥ λ1 . . . λn ≥ Cǫ
n−ν ,
hene
1
λ1 + . . .+ λq
≤
1
λq
≤ C−1/qǫ−(n−ν)/q)(λq+1 . . . λn)
1/q.
We infer
γǫ :=
qǫ
λˆ1 + . . .+ λˆq
≤ min(1,
qǫ
δλq
) ≤ min(1, C′δ−1ǫ−(n−ν)/q)(λq+1 . . . λn)
1/q).
We notie that∫
X
λq+1 . . . λndVω ≤
∫
X
(Θhǫ(L) + ǫω)
n−q ∧ ωq ≤ (c1(L) + ǫ{ω})
n−q{ω}q ≤ C′′,
hene the funtions (λq+1 . . . λn)
1/q
are uniformly bounded in L1 norm as ǫ tends
to 0. Sine 1− (n− ν)/q > 0 by hypothesis, we onlude that γǫ onverges almost
everywhere to 0 as ǫ tends to 0. On the other hand,
|β|2
hˆǫ
= |β|2h∞e
−2(δ(1+s)φǫ+(1−δ)(1+s)ψǫ) ≤ |β|2h∞e
−2(δ(1+s)φǫ)e−2(1−δ)(1+s)ψ .
Our assumption that the oeients of β lie in J (h1+s
′
min ) implies that there exists a
p′ > 1 suh that
∫
X |β|
2
h∞
e−2p
′(1−δ)(1+s)ψdVω < ∞, no matter how small δ is. Let
p ∈ (1,∞) be the onjugate exponent suh that 1p +
1
p′ = 1. By Hölder's inequality,
we have∫
X
γǫ|β|
2
hˆǫ
dVω ≤ (
∫
X
|β|2h∞e
−2pδ(1+s)φǫdVω)
1/p(
∫
X
γp
′
ǫ |β|
2
h∞e
−2p′(1+s)(1−δ)ψdVω)
1/p′ .
As γǫ ≤ 1, the Lebesgue dominated onvergene theorem shows that∫
X
γp
′
ǫ |β|
2
h∞e
−2p′(1+s)(1−δ)ψdVω
onverges to 0 as ǫ tends to 0.
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For the rst integral, we argue as follows: The φǫ may be onstruted suh that
the Lelong numbers ν((1+ s)φǫ, x) are bounded from above by the Lelong numbers
ν((1 + s)ψ, x) in every point x ∈ X (see again Theorem 3.16 in [Ek03℄). On the
other hand, there is a onstant C suh that ν((1+s)ψ, x) < C for all points x ∈ X ,
by [Bou02, Lem.3.11℄. Hene, ν(1+sC φǫ, x) < 1, and∫
X
e−(2/C)(1+s)φǫdVω <∞,
by Skoda's lemma [Dem00, (5.6)℄. Adding suiently big onstants to φǫ we an
even reah that the integrals above are uniformly bounded. By hoosing δ ≤ 1/(pC),
the integral
∫
X |β|
2
h∞
e−2pδ(1+s)φǫdVω remains bounded and we are done.
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